ABSTRACT. Let X be a compact normal complex space of dimension n, and L be a holomorphic line bundle on X. Suppose Σ = (Σ 1 , . . . , Σ ℓ ) is an ℓ-tuple of distinct irreducible proper analytic subsets of X, τ = (τ 1 , . . . , τ ℓ ) is an ℓ-tuple of positive real numbers, and consider the space
of global holomorphic sections of L p := L ⊗p that vanish to order at least τ j p along Σ j , 1 ≤ j ≤ ℓ. We find necessary and sufficient conditions which ensure that dim H 0 0 (X, L p ) ∼ p n , analogous to Ji-Shiffman's criterion for big line bundles. We give estimates of the partial Bergman kernel, investigate the convergence of the Fubini-Study currents and their potentials, and the equilibrium distribution of normalized currents of integration along zero divisors of random holomorphic sections in H Let (X, L) be a polarized projective manifold of dimension n, let Σ be a complex hypersurface of X, and let τ be a positive real number. The study of holomorphic sections of L p which vanish to order at least pτ along Σ received much attention in the past few years. The density function of this space, called partial Bergman kernel, appears in a natural way, in several contexts, especially in Kähler geometry and pluripotential theory (linked to the notion of extremal quasiplurisubharmonic functions with poles along Σ) see e.g. [Be1, RoS, PS, RWN1, RWN2, CM3, ZZ] . One of the motivations is the notion of slope of the hypersurface Σ in the sense of Ross-Thomas [RT06] and its relation to the existence of a constant scalar curvature Kähler metric in c 1 (L).
In this paper we consider a compact normal complex space X of dimension n, a holomorphic line bundle L over X and the space H 0 0 (X, L p ) of holomorphic sections vanishing to order at least pτ j along irreducible proper analytic subsets Σ j ⊂ X, j = 1, . . . , ℓ. We study algebraic and analytic objects associated to H 0 0 (X, L p ), especially the partial Bergman kernels, the Fubini-Study currents and their potentials.
We first give an analytic characterization for H 0 0 (X, L p ) to be big, which means by definition that dim H 0 0 (X, L p ) ∼ p n , p → ∞. This criterion, stated in terms of singular Hermitian metrics with positive curvature current in the spirit of the Ji-Shiffman/Bonavero/Takayama criterion for big line bundles, involves a desingularization of X where the Σ j 's become divisors.
Next we prove that under natural hypotheses the Fubini-Study currents associated to H 0 0 (X, L p ) and their potentials converge as p → ∞. The limit of the sequence of FubiniStudy potentials is the push-forward ϕ eq of a certain equilibrium envelope with logarithmic poles defined on a desingularization. The sequence of the Fubini-Study currents converge to the corresponding equilibrium current T eq . These are analogues of Tian's theorem [T] which applies for smooth Hermitian metrics with positive curvature. In the context of singular Hermitian metrics they were introduced in [CM1, CM2] . The convergence of the Fubini-Study currents/potentials is based on the asymptotics of the logarithm of the partial Bergman kernel (see also [CM1, CM2, CMM, DMM] for results of this type concerning the full Bergman kernel).
Returning to the case of a polarized projective manifold (X, L), Shiffman-Zelditch [SZ] showed how Tian's theorem can be applied to obtain the distribution of the zeros of random holomorphic sections of H 0 (X, L p ). Dinh-Sibony [DS] used meromorphic transforms to obtain an estimate of the speed of convergence of zeros to the equilibrium distribution (see also [DMS] for the non-compact setting). Random polynomials or more generally holomorphic sections in high tensor powers of a holomorphic line bundle and the distribution of their zeros represent a classical subject in analysis (see e.g. [BP, ET, H, Ka] ). The result of [SZ] was generalized for singular metrics whose curvature is a Kähler current in [CM1] and for sequences of line bundles over normal complex spaces in [CMM] (see also [CM2, DMM] ). We show here that the equilibrium distribution of random zeros of sections from H 0 0 (X, L p ) is the equilibrium current T eq and give an estimate of the convergence speed.
1.1. Background and notation. Let X be a compact normal complex space of dimension n. If L is a holomorphic line bundle on X, we let L p := L ⊗p and denote by H 0 (X, L p ) the space of global holomorphic sections of L p . Since X is compact, the spaces H 0 (X, L p ) are finite dimensional. Given S ∈ H 0 (X, L p ), we denote by [S = 0] the current of integration (with multiplicities) over the analytic hypersurface {S = 0} ⊂ X. If h is a singular Hermitian metric on L we denote by c 1 (L, h) its curvature current.
Suppose now that X is a compact complex manifold. For a closed current T of bidegree (1, 1) on X, let {T } denote its class in the Dolbeault cohomology group H 1,1 (X). If L is a holomorphic line bundle over X we denote by c 1 (L) its first Chern class in H 1,1 (X, Z). We have that {c 1 (L, h)} = c 1 (L), for any singular Hermitian metric h on L. The line bundle L is called big if its Kodaira-Iitaka dimension equals the dimension of X (see [MM, Definition 2.2.5] ). One has that L is big if and only if lim sup p→∞ p −n dim H 0 (X, L p ) > 0 (see [MM, Theorem 2.2.7] ). By the Ji-Shiffman/Bonavero/Takayama criterion [MM, Theorem 2.3.30] , L is big if and only if it admits a strictly positively curved singular Hermitian metric h (see Section 2.1 for definitions).
Throughout the article, we denote by ⌊r⌋ the greatest integer ≤ r ∈ R, and we let
1.2. Sections vanishing along subvarieties. We consider in this paper the following general setting: (A) X is a compact, irreducible, normal (reduced) complex space of dimension n, X reg denotes the set of regular points of X, and X sing denotes the set of singular points of X.
(B) L is a holomorphic line bundle on X.
(C) Σ = (Σ 1 , . . . , Σ ℓ ) is an ℓ-tuple of distinct irreducible proper analytic subsets of X such that Σ j ⊂ X sing , for every j ∈ {1, . . . , ℓ}.
(D) τ = (τ 1 , . . . , τ ℓ ) is an ℓ-tuple of positive real numbers such that τ j > τ k , for every j, k ∈ {1, . . . , ℓ} with
where ord(S, Z) denotes the vanishing order of S along an irreducible analytic subset Z of X, Z ⊂ X sing . Definition 1.1. We say that the triplet (L, Σ, τ ) is big if lim sup
The first problem we address in this article is the following: Problem 1.2. Characterize the big triplets (L, Σ, τ ).
We first give an answer to Problem 1.2 in the case when X is a complex manifold and Σ j are irreducible hypersurfaces in X. Namely, we have the following analog of the Ji-Shiffman's criterion for big line bundles [JS, Theorem 4.6 ], see also [Bon] , [MM, Theorem 2.3.30] :
, and suppose that X is smooth and dim Σ j = n − 1 for all j = 1, . . . , ℓ. The following are equivalent:
An interesting consequence of Theorem 1.6 is the following. Assume that (L, Σ, τ ) is big and all Σ j have dimension n − 1. If one fixes proper analytic subsets Σ ′ j ⊂ Σ j and considers the subspace V p ⊂ H 0 0 (X, L p ) of sections that vanish to the higher order (τ j +δ)p along Σ ′ j , then it holds as well that dim V p p n for all p large enough, provided that δ > 0 is sufficiently small (see Corollary 3.8 for the precise statement). Proposition 1.4, Theorem 1.3, and Theorem 1.6 are proved in Section 3.
1.3. Equidistribution of zeros. Let X, L, Σ, τ verify assumptions (A)-(D), and assume in addition that there exists a Kähler form ω on X and that h is a singular Hermitian metric on L. We fix a smooth Hermitian metric h 0 on L and write
where ϕ ∈ L 1 (X, ω n ) is called the (global) weight of h relative to h 0 . The metric h is called bounded, continuous, resp. Hölder continuous, if ϕ is a bounded, continuous, resp. Hölder continuous, function on X.
-holomorphic sections in L p relative to the metric h p := h ⊗p and the volume form ω n on X, endowed with the inner product
and set S 2 p := (S, S) p . Let
We assume in the sequel that the metric h is bounded, so
For every p ≥ 1 we consider the projective space
equipped with the Fubini-Study volume σ p = ω dp FS , where by ω FS we denote the FubiniStudy Kähler form on a projective space P N . We also consider the probability space
The second problem we address in this article is the following: Problem 1.7. Assume that (L, Σ, τ ) is big and the metric h is bounded. Do zeros of sequences from (X ∞ , σ ∞ ) equidistribute towards a positive closed current T of bidegree
weak sense of currents on X. If yes, express T in terms of h and estimate the speed of convergence.
The bigness of (L, Σ, τ ) is a reasonable assumption, in order to ensure that the spaces H 0 0 (X, L p ) have sufficiently many sections. Let P p , γ p be the Bergman kernel function and Fubini-Study current of H 0 0,(2) (X, L p ), defined in (2.2) and (2.5). Then
We call the function ϕ p the global Fubini-Study potential of γ p . To answer Problem 1.7, we first study the convergence of the Fubini-Study currents. We have the following: 
Moreover, if h is Hölder continuous then there exist a constant C > 0 and p 0 ∈ N such that
Definition 1.9. The current T eq from Theorem 1.8 is called the equilibrium current associated to (L, h, Σ, τ ).
Theorem 1.8 is proved in Section 5. The function ϕ eq is constructed as follows. Let ( X, π, Σ) be a divisorization of (X, Σ) as in Definition 1.5, and let α = π ⋆ α, ϕ = ϕ • π. We introduce in Section 4 the equilibrium envelope ϕ eq of ( α, Σ, τ, ϕ), as the largest α-psh function dominated by ϕ on X, and with logarithmic poles of order τ j along Σ j , 1 ≤ j ≤ ℓ (see (4.5), (5.5)). In Theorem 4.3 we study the regularity of ϕ eq when ϕ is continuous, resp. Hölder continuous, and show that ϕ eq is continuous outside a certain analytic subset of X, resp. Hölder with singularities along that analytic subset (see Definition 4.2). The function ϕ eq is then constructed by pushing down ϕ eq to X. Theorem 1.8 is a generalization of the following foundational result of Tian [T] (with improvements by [Ca, R, Z1] , see also [MM, Theorem 5.1.4] ): If X is a compact Kähler manifold and (L, h) → X is a positive line bundle (with smooth metric h), then ϕ p → ϕ and
If h is a singular metric whose curvature is a Kähler current it was shown in [CM1,
On the other hand, Bloom [B1, B2] (cf. also Bloom-Levenberg [BL] ) pointed out the role of the extremal plurisubharmonic functions in equidistribution theory for polynomials and Berman [Be1, Be2] extended this point of view to the context of Kähler manifolds. In [DMM, Theorem 1.3] it is shown that in the case of a polarized projective manifold (X, L) and for a Hölder continuous weight ϕ, we have ϕ p − ϕ eq ∞ = O(p −1 log p) as p → ∞. We also note that the statement of Theorem 1.8 is new even in the case when X is smooth and Σ = ∅ (see Corollary 5.7).
Using Theorem 1.8, we obtain a positive answer to the above equidistribution problem in the case when the metric h is continuous. In this formulation it can be seen as a large deviation principle in this context. 
for any (n − 1, n − 1)-form φ of class C 2 on X. In particular, the last estimate holds for σ ∞ -a.e. {s p } p≥1 ∈ X ∞ provided that p is large enough.
The proof of Theorem 1.10 is given in Section 6. We refer to [BCM, B1, B2, BL, CM1, CM2, CM3, CMM, CMN2, DMM, DMS, DS, SZ] and to the surveys [BCHM, Z2] for equidistribution results for holomorphic sections in various contexts.
PRELIMINARIES
We start by recalling a few notions of pluripotential theory on analytic spaces that will be needed throughout the paper. We then recall some basic facts about Bergman kernels and Fubini-Study currents.
2.1. Compact complex manifolds and analytic spaces. Let X be a compact complex manifold and let ω be a Hermitian form on X. If T is a positive closed current on X we denote by ν(T, x) the Lelong number of T at x ∈ X (see e.g. [D5] ). A function ϕ : X → R ∪ {−∞} is called quasiplurisubharmonic (qpsh) if it is locally the sum of a psh function and smooth one. Let α be a smooth real closed (1, 1)-form on X. A qpsh function ϕ is called α-plurisubharmonic (α-psh) if α + dd c ϕ ≥ 0 in the sense of currents. We denote by PSH(X, α) the set of all α-psh functions on X. The Lelong number of an α-psh function ϕ at a point x ∈ X is defined by ν(ϕ, x) := ν(α + dd c ϕ, x). Note that if ϕ = u + χ near x, where u is psh and χ is smooth, then ν(ϕ, x) = ν(u, x).
Since in general the ∂∂-lemma does not hold on X, we will consider the ∂∂-cohomology and particularly the space H 1,1 ∂∂ (X, R) (see e.g. [Bou] ). This space is finite dimensional, and if α is a smooth real closed (1, 1)-form on X we denote its ∂∂-cohomology class by {α} ∂∂ . Note that if X is a compact Kähler manifold then by the ∂∂-lemma H Suppose that {α} ∂∂ is big. By Demailly's regularization theorem [D4] , one can find a Kähler current T ∈ {α} ∂∂ with analytic singularities, i.e. of the form T = α + dd c ϕ ≥ ǫω, where ǫ > 0 and ϕ is a qpsh function such that
locally on X, where c > 0, χ is smooth and g j are holomorphic functions, 1 ≤ j ≤ N.
The non-ample locus of {α} ∂∂ is defined in [Bou, Definition 3.16] as the set
T ∈ {α} ∂∂ Kähler current with analytic singularities , where E + (T ) = {x ∈ X : ν(T, x) > 0}, and the second equality follows by Demailly's regularization theorem [D4] . Hence NAmp {α} ∂∂ is an analytic subset of X. The ample locus of α is Amp {α} ∂∂ := X \ NAmp {α} ∂∂ . It is shown in [Bou, Theorem 3.17 ] that there exists a Kähler current T ∈ {α} ∂∂ with analytic singularities such that
N in an open set G of C N and a biholomorphic map ι : U → V (in the category of complex spaces). The map ι : U → G ⊂ C N is called a local embedding of X. We write X = X reg ∪ X sing , where X reg and X sing are the sets of regular and singular points of X. Recall that a reduced complex space (X, O) is called normal if for every x ∈ X the local ring O x is integrally closed in its quotient field M x , cf. [GR2, p. 124] ). Every normal complex space is locally irreducible and locally pure-dimensional (see [GR2, p. 125]) , and X sing is a closed complex subspace of X with codim X sing ≥ 2.
A continuous (resp. smooth) function on X is a function ϕ : X → C such that for every x ∈ X there exists a local embedding ι : U → G ⊂ C N with x ∈ U and a continuous (resp. smooth) functionφ :
Ifφ can be chosen continuous (resp. smooth), then ϕ is called a continuous (resp. smooth) psh function. We let PSH(X) denote the set of all psh functions on X.
Assume now that X has pure dimension n. We consider currents on X as defined in [D2] : If D p,q (X) is the space of forms with compact support, endowed with the inductive limit topology, then the dual
there is a domain U containing x and v ∈ PSH(U) with T = dd c v on U, then T is positive and closed, and we say that v is a local potential of T . A Hermitian form on X is a smooth (1, 1)-form ω such that for every point x ∈ X there exist a local embedding ι : U ∋ x → G ⊂ C N and a Hermitian formω on G with ω = ι ⋆ω on U ∩ X reg . Note that ω n /n! gives locally an area measure on X. A Kähler form on X is a current T ∈ D n−1,n−1 (X) whose local potentials extend to smooth strictly psh functions in local embeddings of X to Euclidean spaces. We call X a Kähler space if X admits a Kähler form (see also [G, p. 346] , [O, Section 5] ).
The notions of qpsh and α-psh function on X, where α is a smooth real closed (1, 1)-form on X, are defined exactly as in the case when X is smooth. We denote by PSH(X, α) the set of all α-psh functions on X. If X is compact, a function ρ : X → R is called Hölder continuous if there exists a finite open cover of X by charts (U, ι, V ), V ⊂ G ⊂ C N , such that ρ | U is Hölder continuous with respect to the metric on U induced by the Euclidean distance on C N . If (L, h) is a singular Hermitian holomorphic line bundle over X, the curvature current c 1 (L, h) of h is defined as in the case when X is smooth [D3] . If e U is a local holomorphic frame of
is called the local weight of the metric h with respect to e U , and
We say that h is positively curved, resp. strictly positively curved, if c 1 (L, h) ≥ 0, resp. c 1 (L, h) ≥ εω for some ε > 0 and some Hermitian form ω on X.
Bergman kernel functions and Fubini-Study currents.
Let X be as in (A), ω be a Hermitian form on X, and (L, h) be a singular Hermitian holomorphic line bundle on X. Since X is compact, the space
-holomorphic sections of L relative to the metric h and the volume form ω n /n! on X, endowed with the inner product
Note that this definition is independent of the choice of basis. Let U be an open set in X such that L has a local holomorphic frame e U on U.
, and S j = s j e U , where
The Kodaira map determined by V is the meromorphic map given by
where a point in P(V ⋆ ) is identified with a hyperplane through the origin in V and Bs(V ) = {x ∈ X : S(x) = 0, ∀ S ∈ V } is the base locus of V . We define the Fubini-
where ω FS denotes the Fubini-Study form on P(V ⋆ ). Then γ is a positive closed current of bidegree (1, 1) on X, and if U is as above we have
Hence by (2.3),
is called the partial Bergman kernel function of the space of sections that vanish to order τ p along Σ. It satisfies the following variational principle:
where · p denotes the norm given by the inner product in
DIMENSION GROWTH OF SPACES OF SECTIONS VANISHING ALONG SUBVARIETIES
In this section we give the proofs of Theorem 1.3, Proposition 1.4, and Theorem 1.6.
3.1. Divisorization. We start by proving the existence of the divisorization of (X, Σ) claimed in Proposition 1.4. We will use the following theorems of Hironaka on resolution of singularities. For the first one we refer the reader to [BM, Theorem 13 .2].
Theorem 3.1 (Hironaka). If X is a compact, reduced complex space then there exists a compact complex manifold X and a surjective holomorphic map σ : X → X such that σ : X \ E → X reg is a biholomorphism, where
The second one is Hironaka's embedded resolution of singularities theorem (see e.g. [BM, Theorems 10.7 and 1.6] , [MM, Theorem 2.1.13 
]).
Theorem 3.2 (Hironaka). Let X be a complex manifold of dimension n, and A ⊂ X be a compact analytic subset of X. Then there exist a complex manifold X and a surjective holomorphic map σ : X → X, given as the composition of finitely many blow-ups with smooth center, with the following properties:
(ii) The strict transform A ′ = σ −1 (A reg ) is smooth and A ′ , E simultaneously have only normal crossings. Theorem 3.3. Let X be a complex manifold of dimension n, and A ⊂ X be a compact analytic subset of X with irreducible components A 1 , . . . , A m . Then there exist a complex manifold X and a surjective holomorphic map σ : X → X, given as the composition of finitely many blow-ups with smooth center, with the following properties: 
Proof. The existence of X and σ with properties (i)-(ii) follows directly from Theorem 3.2, as previously described. Property (iii) clearly holds for j with dim
, where π : X → X 1 is the blow-up of X 1 with center A ′′ j . So property (iii) follows easily from the local description of the blow-up map π.
Proof of Proposition 1.4. Let σ : X → X be a desingularization of X as in Theorem 3.1, let E = σ −1 (X sing ) be the exceptional divisor, and Σ j be the strict transform of Σ j . Hence
We next apply Theorem 3.3 repeatedly, starting with X, Σ 1 , . . . , Σ ℓ , as follows. Let Σ j 1 , . . . , Σ j k be the minimal elements of { Σ 1 , . . . , Σ ℓ } with respect to inclusion. We apply Theorem 3.3 to X and A = Σ j 1 ∪ . . . ∪ Σ j k , to obtain a map σ 1 : X 1 → X verifying properties (i)-(iii). Let Σ ′ j be the strict transform of Σ j by σ 1 , for j ∈ {1, . . . , ℓ} \ {j 1 , . . . , j k }, and note that Σ ′ j ⊂ Σ ′ k if and only if Σ j ⊂ Σ k . We now apply Theorem 3.3 to X 1 and the analytic subset given by the union of the minimal elements of Σ ′ j : j ∈ {1, . . . , ℓ} \ {j 1 , . . . , j k } with respect to inclusion, to obtain a map σ 2 : X 2 → X 1 verifying properties (i)-(iii). Repeating this procedure finitely many times we resolve all of the sets Σ j . Finally, we apply Theorem 3.3 one more time in order to make the resulting smooth hypersurfaces Σ 1 , . . . , Σ ℓ and the final exceptional divisor (including the preimage of E) simultaneously have only normal crossings. Taking the composition of the maps σ j we obtain a compact complex manifold X and a surjective holomorphic map σ : X → X, given as the composition of finitely many blow-ups with smooth center, with the following properties:
(a) There exists an analytic set
is a divisor in X with only normal crossings, and σ :
We define π := σ • σ : X → X, and set
It is easy to see that
is a divisor in X that has only normal crossings
, we conclude that π : X \ E → X \ Y is a biholomorphism, so property (i) of Proposition 1.4 is satisfied.
Properties (ii)-(iii) of Proposition 1.4 follow easily from (b) and (c), since π( Σ j ) = σ( Σ j ) = Σ j . Moreover, since Σ j is the strict transform of Σ j ⊂ X sing by σ we have ord(S, Σ j ) = ord( σ ⋆ S, Σ j ), for any S ∈ H 0 (X, F ) and j = 1, . . . , ℓ.
Proposition 1.4 has the following corollary which will be needed later, for the proof of Theorem 1.6:
Proof. Fix p ≥ 1. The map π induces a linear map π
Remark 3.5. In hypothesis (D), we make the natural assumption that τ j > τ k , for every j, k ∈ {1, . . . , ℓ} with Σ j ⊂ Σ k . We note that Corollary 3.4 is in fact valid for every ℓ-tuple τ of positive real numbers. Suppose that Σ ℓ ⊂ Σ k and τ is such that τ ℓ < τ k . Set
. . , τ ℓ−1 ), and note that if ( X, π, Σ) is a divisorization of (X, Σ) then ( X, π, Σ ′ ) is a divisorization of (X, Σ ′ ), where
3.2. Proofs of Theorems 1.3 and 1.6. Theorem 1.3 will follow from Theorem 3.6 below. Let X be a compact complex manifold of dimension n, Σ j ⊂ X be irreducible complex hypersurfaces, and let τ j > 0, where 1 ≤ j ≤ ℓ. Let L be a holomorphic line bundle over X and consider the following:
where t j,p are defined in (1.1). Note that V p is isomorphic to the space of sections in
Theorem 3.6. In the above setting, the following are equivalent:
Proof. Let ω be a Hermitian form on X.
(i) ⇒ (ii) There exist a constant c > 0 and a sequence of natural numbers p k ր ∞ such that dim V p k ≥ cp n k for all k ≥ 1. Let us fix k and assume that τ 1 p k ∈ N. Consider the short exact sequence
which gives the exact sequence
It follows that
By Siegel's lemma applied to the analytic subset Σ 1 (see Lemma 3.7 following this proof), there exists a constant c ′ > 0 such that
. If τ 2 p k ∈ N we repeat the above argument working with the short exact sequence
and so on. This yields (ii).
(ii) ⇒ (iii) We proceed in two steps.
Step 1. Assume that X is projective. We fix a smooth ample divisor A ⊂ X and consider, as above, the exact sequence
it follows by (ii) that there exist c > 0 and p k ր ∞ such that
Let h A be a smooth positive metric on O X (A), and let h Dp , resp. h Σ j , be the metric induced
We define the metric
and we let
where
which proves (iii) in the case when X is projective.
Step 2. In the general case when X is a compact complex manifold we have by (ii) X → X, given as the composition of finitely many blow-ups with smooth center, such that σ : X \ E → X \ Y is a biholomorphism, where Y ⊂ X is an analytic subset with dim Y ≤ n − 2, and E = σ −1 (Y ) is the final exceptional divisor. Let Σ ′ j be the strict transform of Σ j by σ, and note that if
We fix a Hermitian form ω on X. Then σ ⋆ ω + ω is a Hermitian form on X, and by
Step 1 there exists a singular Hermitian metric h ⋆ on σ ⋆ L such that
is psh on U \ Y , so it extends to a psh function on U since dim Y ≤ n − 2, and we set |e 
for some constant ε > 0. We fix a smooth metric h 0 on L, set α = c 1 (L, h 0 ), and write h = h 0 e −2ψ , where ψ ∈ PSH(X, α) since c 1 (L, h) = α + dd c ψ ≥ 0. Let g j be a smooth metric on O X (Σ j ), s Σ j be the canonical section of O X (Σ j ), and set
By the Lelong-Poincaré formula,
e. on X, for some function u ∈ PSH(X, θ), hence everywhere on X \ ∪ ℓ j=1 Σ j since both ψ ′ , u are qpsh there. Thus ψ ′ extends to a θ-psh function on X. Applying Demailly's regularization theorem [D4] to ψ ′ , it follows that there exists a qpsh function ϕ with algebraic singularities on X (i.e. ϕ = c log( m k=1 |f j | 2 ) + χ locally on X, where c ∈ Q, c > 0, f k are holomorphic functions and χ is a smooth function) such that T := θ + dd c ϕ ≥ 2εω. Note that {ϕ = −∞} is an analytic set.
We take sequences {r j,k } k≥1 ⊂ Q such that r j,k ց τ j as k → ∞, and we consider the qpsh functions
with algebraic singularities in Z := {ϕ = −∞} ∪ ℓ j=1 Σ j . Then
There exists a constant C > 0 such that β j ≤ Cω for j = 1, . . . , ℓ. We obtain that
if k is chosen sufficiently large. With k fixed as above, we now define the singular metric
be the space of L 2 holomorphic sections of L p with respect to the metric h p k on L p and the volume form ω n on X. Bonavero's singular holomorphic Morse inequalities [Bon] (see also [MM, Theorem 2.3 .18]) imply that
Since ⌊r j,k p⌋ ≥ ⌊τ j p⌋, it follows from the definition of
(iv) ⇒ (v) This follows by the same argument as the one in the proof of
Lemma 3.7. Let A be a compact irreducible analytic subset of a complex manifold M and let k = dim A. If F is a holomorphic line bundle over A then there exists a constant
Proof. By Theorem 3.2, there exists a complex manifold M and a surjective holomorphic map σ : M → M, given as the composition of finitely many blow-ups with smooth center, such that E = σ −1 (A sing ) is a divisor in M , σ : M \E → M \A sing is a biholomorphism, and the strict transform A ′ = σ −1 (A reg ) is a connected k-dimensional complex submanifold of M. The restriction σ : A ′ → A is a surjective holomorphic map and the induced map
and the lemma follows from Siegel's lemma [MM, Lemma 2.2 .6] applied to A ′ and σ ⋆ F . 
Proof of Theorem 1.6. (i) ⇒ (ii) By Corollary 3.4 we have that
Proof. Without loss of generality we may assume that X is a complex manifold, by first desingularizing X if necessary using Theorem 3.1 and applying Corollary 3.4 to the map σ from Theorem 3.1 and the strict transforms of
where R is a positive closed current of bidegree (1, 1) supported in E. Thus
is big by Theorem 1.6.
ENVELOPES OF QPSH FUNCTIONS WITH POLES ALONG A DIVISOR
In this Section we define the relevant spaces qpsh functions with poles along a divisor and prove the regularity theorem for their upper enveloppes. Let (X, ω) be a compact Hermitian manifold of dimension n, Σ j ⊂ X be irreducible complex hypersurfaces, and let τ j > 0, where 1 ≤ j ≤ ℓ. We write Σ = (Σ 1 , . . . , Σ ℓ ), τ = (τ 1 , . . . , τ ℓ ), and we denote by dist the distance on X induced by ω.
Let α be a smooth closed real (1, 1)-form on X. We fix a smooth Hermitian metric g j on O X (Σ j ), let s Σ j be the canonical section of O X (Σ j ), 1 ≤ j ≤ ℓ, and set (4.1)
be the class of α-psh functions with logarithmic poles of order τ j along Σ j . Given a function ϕ : X → R ∪ {−∞} we consider the following subclasses of qpsh functions and their upper envelopes:
The function ϕ eq defined in (4.5) is the largest α-psh function dominated by ϕ and with logarithmic poles of order τ j along Σ j . We call ϕ eq the equilibrium envelope of (α, Σ, τ, ϕ), and ϕ req the reduced equilibrium envelope of (α, Σ, τ, ϕ) . This is motivated by the terminology of equilibrium metric used in the case when ϕ is the weight of a singular metric h = h 0 e −2ϕ on a Hermitian holomorphic line bundle (F, h 0 ) over X (see below).
Extremal psh functions on domains in Stein manifolds with poles along subvarieties (also known as pluricomplex Green functions) are studied in [LS] , [RaS] . In particular, pluricomplex Green functions with finitely many poles were studied by many authors. In the context of metrics on line bundles over compact complex manifolds, the above envelope method is introduced in [Be1, Section 4.1] for defining equilibrium metrics with poles along a divisor. More generally, equilibrium metrics with prescribed singularities on a line bundle are introduced and studied in [RWN2] (see also [Da, Theorem 3] ).
Our first result is concerned with some basic properties of the envelope defined in (4.5) under natural, very general assumptions.
Proposition 4.1. Let X, Σ, τ, α, θ be as above, and let ϕ : X → R ∪ {−∞} be an upper semicontinuous function. Then the following hold:
Moreover, in this case we have that ϕ req ∈ A ′ (X, α, Σ, τ, ϕ), ϕ eq ∈ A(X, α, Σ, τ, ϕ), and
τ j log σ j on X.
(iv) If ϕ is bounded and there exists a bounded θ-psh function, then ϕ req is bounded on X.
(v) If PSH(X, θ) = ∅ and ϕ 1 , ϕ 2 : X → R are bounded and upper semicontinuous, then
on X, for some function u ∈ PSH(X, θ), hence everywhere on X \ ℓ j=1 Σ j since both ψ ′ , u are qpsh there. Thus ψ ′ extends to a θ-psh function on X. (ii) There exist points x k ∈ X, coordinate neighborhoods U k centered at x k , and numbers r k > 0, 1 ≤ k ≤ N, such that the balls B(x k , 2r k ) ⊂ U k and X = N k=1 B(x k , r k ). Set r = min 1≤k≤N r k . Let ρ k be a smooth function defined in a neighborhood of B(x k , 2r k ) such that dd c ρ k = θ. If ψ ′ ∈ PSH(X, θ) and x ∈ B(x k , r k ) we have by the subaverage inequality for psh functions that
where λ is the Lebesgue measure in coordinates. Hence there exists a constant C ′ > 0 such that for every function ψ ′ ∈ PSH(X, θ) one has
for some constant C > 0 depending only on X, Σ, τ, α, θ.
is well defined and bijective. By (ii), the family A ′ (X, α, Σ, τ, ϕ) of θ-psh functions is uniformly upper bounded, hence the upper semicontinuous regularization ϕ ⋆ eq and (4.7) is clearly satisfied.
(iv) Since m :
The following notion is needed for studying certain regularity properties of the equilibrium envelopes. 
We assume now that the class {θ} ∂∂ is big and we let Z 0 := NAmp {θ} ∂∂ . By [Bou, Theorem 3.17] there exists a Kähler current T 0 ∈ {θ} ∂∂ with analytic singularities such that E + (T 0 ) = Z 0 . We let (4.9)
where ε 0 > 0 and ψ 0 is a qpsh function with analytic singularities. So Z 0 = {ψ 0 = −∞}.
By subtracting a constant we may assume that ψ 0 ≤ −1 on X.
Using the methods developed in [D6] and [BD] (see also [DMN] ), we prove next the following regularity result for the functions ϕ req = ϕ req,Σ,τ defined in (4.6), and ϕ eq = ϕ eq,Σ,τ defined in (4.5).
Theorem 4.3. Let (X, ω) be a compact Hermitian manifold of dimension n, Σ j ⊂ X be irreducible complex hypersurfaces, and let τ j > 0, where 1 ≤ j ≤ ℓ. Let α be a smooth closed real (1, 1)-form on X and θ be as in (4.1). Assume that the class {θ} ∂∂ is big and let Z 0 := NAmp {θ} ∂∂ . Then the following hold:
(i) If ϕ : X → R is Hölder continuous then ϕ req is Hölder with singularities along Z 0 , and ϕ eq is Hölder with singularities along
(ii) If ϕ : X → R is continuous then ϕ req is continuous on X \ Z 0 , and ϕ eq is continuous
We will need the following lemma which follows from [DMN, for all x ∈ B(0, 2r) and 0 < s < r. Then there exists a constant C(m, ν) > 0 such that
Proof of Theorem 4.3. (i)
Assume ϕ is a C ν function on X and let ψ := φ req . We show that ψ is Hölder with singularities along Z 0 and with Hölder exponent ν. Following [BD] , we will regularize ψ using the method introduced by Demailly in [D6] .
Consider the exponential map associated with the Chern connection on the tangent bundle T X of X. The formal holomorphic part of its Taylor expansion is denoted by
Let χ : R → [0, ∞) be the smooth function with support in (−∞, 1] defined by
where the constant const is adjusted so that |ζ|≤1 χ(|ζ| 2 ) d Leb(ζ) = 1 with respect to the Lebesgue measure Leb(ζ) on C n ≃ T x X. We fix a constant δ 0 > 0 small enough and define
By [D6] , there exists a constant b such that the function t → Ψ(x, t) + bt 2 is increasing for
Consider for c > 0 and δ ∈ (0, δ 0 ] the Kiselman-Legendre transform
It was shown in [BD, Lemma 1.12 ] that ψ c,δ is qpsh and
where a > 0 is a constant (see also [Ki1, Ki2] ). For t := δ we obtain from (4.11) that ψ c,δ (x) ≤ Ψ(x, δ). From (4.10) we deduce that Ψ(x, δ) is an average of values of ψ in a ball B(x, Aδ) in X for some constant A depending only on X and ω. By Proposition 4.1 we have that
ν with constants C ′ > 0 independent of x and δ. Since ϕ ∈ C ν and f is a Lipschitz function on X it follows that
for all x ∈ X and 0 < δ ≤ δ 0 . Hence ψ c,δ ≤ ϕ − ℓ j=1 τ j log σ j + O(δ ν ). Let ψ 0 be the θ-psh function with analytic singularities in Z 0 defined in (4.9). Since ϕ is bounded there exists a constant C 1 > 0 such that ψ 0 ≤ C 1 + ϕ − ℓ j=1 τ j log σ j . So ψ 0 − C 1 ≤ ψ, and ψ is locally bounded on X \ Z 0 . Consider the convex combination
where we take c = δ ν . We deduce from the above upper bounds for ψ c,δ and ψ 0 that
By (4.9) and (4.12) we have that
Since c = δ ν and by Proposition 4.1 (ii), Ψ(x, δ) ≤ sup X ψ ≤ sup X ϕ + C, it follows that
If x ∈ X \ Z 0 then Ψ(x, 0) = ψ(x) > −∞, so the increasing function t → Ψ(x, t) + bt 2 is bounded and the infimum in the definition of ψ c,δ (x) is reached for some t = t x,δ ∈ (0, δ]. Hence (4.13)
Using the fact that t → Ψ(x, t) + bt 2 is increasing, this implies that
Since c = δ ν and ψ 0 ≤ −1, we infer from the above inequality that there exists a constant C 2 > 0 such that e C 2 ψ 0 (x) δ ≤ t x,δ ≤ δ, for all x ∈ X \ Z 0 . By (4.13) and using again that t → Ψ(x, t) + bt 2 is increasing, we see that
Since ψ 0 has analytic singularities, it follows by the Lojasiewicz inequality [KP, Theorem 5.2.4 ] that there exists a constant M > 0 such that e
Letting t = e C 2 ψ 0 (x) δ we conclude by the above estimates that there exist constants ε 1 , N > 0 such that (4.14)
Ψ
There exists r 0 > 0 such that every x ∈ X has a coordinate neighborhood U x centered at x with B(x, 3r 0 ) ⊂ U x and so that the metric on X coincides at x with the standard metric given by the coordinates. According to [D6, (4.5) ] (see also [BD, (1.16) ], [DMN, Theorem 2.7] ) it follows from a Lelong-Jensen type inequality that
where the constants involved are independent of x ∈ X and t ∈ (0, δ 0 ). Combining this and (4.14), we infer that
Lemma 4.4 implies that there exist constants C 3 , ε 2 > 0 such that if x ∈ X \ Z 0 and dist(y,
The previous two estimates combined show that ψ = ϕ req is Hölder with singularities along Z 0 and with Hölder exponent ν. Hence by (4.7), ϕ eq is Hölder with singularities along Σ 1 ∪ . . . ∪ Σ ℓ ∪ Z 0 and with Hölder exponent ν, since log σ j is Lipschitz with singularities along Σ j .
(ii) Let {ϕ k } be a sequence of real-valued smooth functions converging uniformly to ϕ on X. By (i) and Proposition 4.1 (v), ϕ k,req are continuous and converge uniformly to ϕ req on X \ Z 0 , hence ϕ req is continuous on X \ Z 0 .
CONVERGENCE OF THE GLOBAL FUBINI-STUDY POTENTIALS
Let X, L, Σ, τ verify assumptions (A)-(D), and assume in addition that there exists a Kähler form ω on X and that h is a continuous Hermitian metric on L. In this section we prove the convergence of the Fubini-Study potentials and currents of the space
2), towards ϕ eq and the equilibrium current T eq of (L, h, Σ, τ ), respectively (Theorem 1.8).
Let h 0 , ϕ be as in (1.3). Let P p , γ p be the Bergman kernel function and Fubini-Study current of the space H 0 0,(2) (X, L p ), and let ϕ p be the global Fubini-Study potential of γ p (see (1.4)). We fix a divisorization ( X, π, Σ) of (X, Σ) as in Definition 1.5. Thus there exists an analytic subset Y of X such that dim Y ≤ n − 2, X sing ⊂ Y , E = π −1 (Y ) is the final exceptional divisor, and π : X \ E → X \ Y is a biholomorphism. We let ω be a Kähler form on X such that ω ≥ π ⋆ ω (see e.g. [CMM, Lemma 2.2] ) and denote by dist the distance on X induced by ω. Set
We write h p = h ⊗p and h
is an isometry. It follows that
are the Bergman kernel function, resp. Fubini-Study current, of the space
We call the function ϕ p the global Fubini-Study potential of γ p . Let ϕ eq be the equilibrium envelope of ( α, Σ, τ, ϕ) defined in (4.5),
where L( X, α, Σ, τ ) is defined in (4.2). Let s Σ j be the canonical section of O X ( Σ j ) and fix a smooth Hermitian metric
Note that [ Σ j ] = β j + dd c log σ j , by the Lelong-Poincaré formula.
In the above setting, we have the following theorem which shows that on X, the global Fubini-Study potentials ϕ p converge to the equilibrium envelope ϕ eq of ϕ. 
(ii) If ϕ is Hölder continuous on X then there exist a constant C > 0 and p 0 ∈ N such that for all x ∈ X \ Z and p ≥ p 0 we have
In particular, we have the convergence of the Fubini-Study currents defined in (5.3),
The proof is done by estimating the partial Bergman kernel P p from (5.3) (see [Be1] , [Be2] , [CM1] , [RWN2] for similar approaches). Let
be the modulus of continuity of ϕ. We first deal with the upper estimate for log P p .
Proposition 5.2. In the setting of Theorem 5.1, there exists a constant
for all p ≥ 1, δ ∈ (0, 1), and x ∈ X with dist(x, E) ≥ δ.
Proof. By compactness, there exist constants r 0 > 0, C 1 > 1 with the following properties: every x ∈ X has a contractible Stein coordinate neighborhood U x centered at x such that: (i) the ball B(x, r 0 ) ⊂ U x and the Lebesgue measure in coordinates satisfies dλ ≤ C 1
Moreover, there exists K > 0 such that
Indeed, using local embeddings of X into C N we have that ω i N j=1 dz j ∧ dz j , so the above claim follows from the Lojasiewicz inequality.
We let δ ∈ (0, 1) and fix x ∈ X \E with dist(x, E) ≥ δ. Let r < r 0 , r < (
. Using the subaverage inequality we obtain:
is arbitrary with S p = 1, we infer that
in the last estimate we see that the conclusion holds with a constant C = C(n, C 2 , K, M).
Remark 5.3. The conclusion of Proposition 5.2 holds in fact for the full Bergman kernel of the space
Proposition 5.4. In the setting of Theorem 5.1, there exists a constant C > 0 such that for all p ≥ 1 and δ ∈ (0, 1) the following estimate holds on X:
Proof. If p ≥ 1 and 0 < δ < 1, we have by Proposition 5.2 that
Let E δ := {x ∈ X : dist(x, E) < δ} and fix x 0 ∈ E. There exist a coordinate neighborhood U x 0 centered at x 0 and a constant C 1 = C 1,x 0 > 1 with the following properties:
(i) the polydisc ∆ n (0, 2) ⊂ U x 0 and C −1
where |z| := max 1≤j≤n |z j |.
(ii) α = dd c ρ on U x 0 , where ρ is a smooth function with Lipschitz constant C 1 on ∆ n (0, 2) (with respect to the norm |z| from (i));
Note that (iii) can be achieved since E is a divisor with only normal crossings. Hence
Let z ∈ E δ/C 1 ∩ ∆ n (0, 1) and without loss of generality assume that
log P p is psh on U x 0 . By the maximum principle applied on
we conclude that
Using a finite cover of E with neighborhoods ∆ n (0, 1) ⊂ U x 0 , x 0 ∈ E, we infer by above that there exists a constant C ′ > 1 such that for all p ≥ 1 and 0 < δ < 1 we have
for all x ∈ E δ/C ′ . Note that ϕ p (x) = ϕ(x) + 1 2p
log P p ≤ ϕ(x) + F p (δ/C ′ ) for x ∈ X \ E δ/C ′ , hence the estimate (5.9) holds for all x ∈ X, p ≥ 1 and 0 < δ < 1. Since P p is the Bergman kernel function of the space H 0 0 ( X, L p , Σ, τ ), it follows that ϕ p has Lelong number ≥ t j,p /p ≥ τ j along Σ j , 1 ≤ j ≤ ℓ. Therefore, by (5.5) and (5.8),
which concludes the proof.
We next deal with the lower bound for log P p and ϕ p . The following form of the L 2 -estimates of Hörmander/Andreotti-Vesentini for ∂ is due to Demailly By (4.7), we have that ϕ eq = ϕ req + ℓ j=1 τ j log σ j on X, where ϕ req = ϕ req, Σ,τ is the reduced equilibrium envelope of ( α, Σ, τ, ϕ) defined in (4.6). Hence
(pτ j + 1) log σ j is a qpsh function with Lelong numbers ≥ pτ j + 1 along Σ j . Since S x 2 Hp, ω n < +∞, this shows that ord(S x , Σ j ) ≥ ⌊τ j p⌋ + 1 ≥ t j,p , so S x ∈ H 0 0 ( X, L p , Σ, τ ). Moreover, since
we infer that P p (x) ≥ C −1 2 e 2ap 0 −2Fp(x) .
Note that on X we have, for some constant C 3 > 0,
log σ j .
It follows that there exists a constant C 4 > 0 such that for all p ≥ p 0 , Proof of Theorem 5.1. Since η, log σ j are qpsh functions on X with analytic singularities along NAmp { θ} , resp. Σ j , there exist constants N j , M j > 0, 0 ≤ j ≤ ℓ, such that η(x) ≥ −N 0 log dist x, NAmp { θ} − M 0 , log σ j (x) ≥ −N j log dist x, Σ j − M j , for all x ∈ X. Together with Proposition 5.6, these imply that there exist a constant C 1 > 0 and p 0 ∈ N such that if p ≥ p 0 then (5.11) ϕ p ≥ ϕ eq − C 1 p log dist x, Z + 1 holds on X.
Since ϕ is continuous we have that ϕ is continuous. Let ε > 0 and fix δ = δ(ε) such that Cδ + 2Ω ϕ (Cδ) < ϕ p ≤ ϕ eq + C δ + 1 p − log δ p + 2Ω ϕ (Cδ) ≤ ϕ eq + ε holds on X for p ≥ p ε . Note that log dist · , Z ∈ L (b) If, in addition, h is Hölder continuous then there exist a constant C > 0 and p 0 ∈ N such that ϕ p − ϕ eq L 1 (X,ω n ) ≤ C (log p)/p for all p ≥ p 0 and the large deviation principle of Theorem 1.10 (ii) holds.
Note that if X is smooth, then ϕ eq = sup{ψ ∈ PSH(X, α) : ψ ≤ ϕ on X} is the usual upper envelope.
PROOF OF THE EQUISDISTRIBUTION THEOREM 1.10
Let h, h 0 , ϕ be as in (1.3). Let P p , γ p be the Bergman kernel function and Fubini-Study current of the space H 0 0,(2) (X, L p ), and let ϕ p be the global Fubini-Study potential of γ p (see (1.4) ). We start by proving that zero divisors of random sections distribute like the Fubini-Study currents. 
Proof. We apply the Dinh-Sibony equidistribution theorem for meromorphic transforms [DS, Theorem 4 .1], as in the proof of [CMN1, Theorem 4.2] . Our present situation is easier as we only deal with currents of bidegree (1, 1). We fix a divisorization ( X, π, Σ) of (X, Σ) as in Definition 1.5, and let ω be a Kähler form on X. Let L, h be as in (5.1), and P p , γ p be the Bergman kernel function and Fubini-Study current of the space H Step 1. We prove here that Theorem 6.1 holds for the spaces H 0 0,(2) ( X, L p ). Set
We proceed as in [CMN1, Section 4] and consider the Kodaira maps as meromorphic transforms of codimension n − 1, Φ p : X PH 
